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Splines are widely used in mechanical drive systems to transfer rotary motion from an input
to an output. Despite their wide application in rotating machinery, very little is known about
their contact behavior and load distribution characteristics. In this study, a combined finite
element and surface integral contact analysis model is employed in order to investigate load
distribution along the spline interfaces. Three loading cases are considered: (i) purely
torsional loading representing power transfer through two concentric shafts, (ii) combined
torsional and radial loading representing a spur gear–shaft interface, and (iii) combined
torsional, radial, and moment loading representing a helical gear–shaft interface. The effect
of spline misalignment is investigated along with intentional lead crowning of the
contacting surfaces. In addition to spur spline teeth, helical spline teeth are investigated.
Influence of intentional mismatch of splines through a slight helix angle applied to the
external spline is also investigated within a range of torque transmitted. Finally, the effects
of manufacturing tooth indexing error on spline load distributions are quantified using the
proposed model.

© 2013 Elsevier Ltd. All rights reserved.
Keywords:
Splines
Load distribution
Finite elements
1. Introduction

Splines are widely used in mechanical drive systems to transfer rotary motion and torsion from a shaft to a gear or from a gear
to a shaft. The main advantage of splined shafts over keyed shafts is their higher load carrying capacity that often represents
better durability performance. Moreover, spline couplings allow for a certain amount of angular misalignment and relative sliding
between their internal and external components. They can transfer axial, rotational and torsional load effectively in case of helical
gear loading.

The most common failure modes observed in spline joints include surface wear, fretting corrosion fatigue, and tooth breakage.
Ku and Valtierra [1] studied wear of misaligned splines experimentally, demonstrating a significant effect of misalignments on the
wear of a spline. Brown [2] reported accelerated wear of involute spline couplings in aircraft accessory drives primarily due to
spline misalignment and undesirable lubrication conditions.

These experimental studies on splines were instrumental in defining and documenting failure modes in spline interfaces. Yet
their contributions to the understanding of spline failure mechanisms were limited without knowing the load distributions along
the spline contact interfaces. Review of the literature reveals only a few analytical models on splines, all of which were limited to
simple loading conditions due to complexity of the contact in spline interfaces. Volfson [3] proposed a rough estimation of contact
force distribution along the axial direction of splines under pure torsion or pure bending loading conditions. Tatur and Vygonnyi
[4] developed an analytical model to estimate torque distribution along the face width direction of spline teeth for the case when
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the spline joint carries pure torsion. They proposed that the running torque m(z) along the axial direction of the spline be
determined by the following differential equation:
m zð Þ ¼ dTe zð Þ
dz

¼ cφ φi zð Þ−φe zð Þ
h i

ð1Þ

Te(z) is the shaft torque, cφ is the torsional stiffness of the spline joint which is assumed to be a constant along the axial
where
direction, and φi(z) and φe(z) are twisting angles of the internal spline and external spline respectively. This simplified model
requires a user-defined spline torsional stiffness. Barrot et al. [5–7] formulated the spline tooth torsional stiffness in the model of
Tatur and Vygonnyi [4] by analyzing spline tooth deflections due to bending, shear, compression and base rotation. They
calculated the load distribution along axial direction of splines under pure torsion loading conditions. These analytical models
provide an estimate of load distribution along the face width direction of the splines under simple loading conditions, but they fail
to predict the load distribution across the spline tooth profile direction. Furthermore, they fall short of handling load distribution
of splines under combined loading conditions as is the case for gear–shaft spline joints. Other complicating effects such as spline
tooth surface modifications and spline tooth manufacturing errors such as indexing or spacing errors are also not considered in
these models.

Another group of more recent studies proposed computational models of splines using the finite element (FE) method or
boundary element (BE) method. FE models by Limmer et al. [8], Kahn-Jetter and Wright [9] and Tjernberg [10,11] used
commercial FE packages to predict spline load distributions under pure torsion loading, while the last two accounted for effects of
certain manufacturing errors as well. FE models for helical spline couplings were proposed by Leen et al. [12–14] and Ding et al.
[15–17] for splines under combined torsional and axial loading. Adey et al. [18] developed a model using boundary element
method for spline analysis. This model had the capability to analyze combined torsional and bending loading in the presence of
certain manufacturing errors. Using Adey's model, Medina and Olver [19,20] studied load distribution of misaligned splines, and
the impact of spline pitch errors and lead crown modifications.

The above literature review indicates that there is no widely accepted general analysis tool for spline load distribution. Most of
these did not include combined radial, torsional and bending loading conditions experienced by spur and helical gear splines.
Under such complex loading conditions, effects of spline tooth modifications and manufacturing errors are not fully understood.
Consequences of the common practice of applying an intentional mismatch of splines also remain unknown. Furthermore,
extensive parameter studies of the effects of spline tooth modifications and manufacturing errors are also not available.
Accordingly, this paper aims at developing FE based computation model of gear–shaft splines. The objectives of this paper are as
follows. (i) Develop a computational model of a gear–shaft spline interface under combined torsion, radial forces and tilting
moments. (ii) Establish nominal load distribution conditions under pure torsion, spur gear loading (torsion and radial force) and
helical gear (torsion, radial force and tilting moment) loading conditions. (iii) Quantify the change to baseline load distributions
caused by misalignments, spline tooth (lead and profile) modifications, spline helix angle and intentional helical mismatch.
(iv) Investigate the influence of manufacturing errors on baseline spline load distributions.

2. Computational model

A commercial FE based contact mechanics model Helical 3D (Advanced Numerical Solutions, Inc.) designed specifically for
loaded contact analysis of helical gears is modified here to analyze spline joints. An efficient and accurate finite quasi-prism (FQP)
element [21] is used in this model to represent spline surfaces. The core contact solver of this software (CALYX) is based on a
formulation by Vijayakar [22], which combines the finite element method and surface integral method to represent the contact
bodies, and calculates the load distribution and rigid body displacements by using the linear programming method.

The first phase of contact analysis is to determine the contact zone. CALYX estimates the contact zone by usingHertz's model after
locating a set of “primary contact points” on the contacting surfaces and determining relative principal curvatures and directions. The
second phase is to compute the compliance matrix and set up the contact equation to be solved by a modified simplex method.

The first step in the process is locating the primary contact point. For this, two contacting surfaces Σ1 and Σ2 are defined in
terms of their curvilinear parameters s and t as r1(s1,t1) and r2(s2,t2). The primary contact points are determined and located
when r1 and r2 become the closest to each other [22]. For this, the surface r1(s1,t1) is discretized into a grid of points r1ij(s1i,t1j). For
each of these grid points, a primary contact point r2ij(s2i,t2j) is determined such that ‖r1(s1,t1) − r2(s2,t2)‖ is minimum. This
extremization is equivalent to solving the following system of nonlinear equations [22]:
r1ij−r2 s2i; t2 j
� �h i

·
∂r2 s2i; t2 j
� �
∂s2i

¼ 0

r1ij−r2 s2i; t2 j
� �h i

·
∂r2 s2i; t2 j
� �
∂t2 j

¼ 0

8>>>>><
>>>>>:

ð2Þ
Newton–Raphson method is used to solve this system of non-linear equations to obtain mating points r2ij on the second
surface for each of the grid points r1ij. Then a refined grid is set up around the point r1ij such that the separation ‖r1ij − r2ij‖ is the
smallest. This process is repeated several times with progressively smaller grids to locate the principal contact point p [22].
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The principal curvatures and principal directions of two surfaces at the common contact point p are determined in terms of the
coefficients of the first and second fundamental form of the surfaces. For a unit normal vector defined at point p as
the fo

contai
proble

yields
the eig
princi
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δr
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n the coefficients of the first and second fundamental form of the surface, respectively. The corresponding eigenvalue
m

Bλ ¼ κ Aλ ð3dÞ

eigenvalues κ(1) and κ(2) that are the principal normal curvatures and the corresponding eigenvectors λ1 and λ2. With
envectors normalized (i.e. λm

T A λm = 1m = 1, 2), the two unit vectors in the principal directions corresponding to the
pal curvatures are found as [22]:

t 1ð Þ ¼ λT
1

∂r=∂s
∂r=∂t

� �

t 2ð Þ ¼ λT
2

∂r=∂s
∂r=∂t

� �
8>><
>>: ð4Þ
With the principal curvatures κn(1) and κn(2) and the principal directions tn(1) and tn(2) of surface Σn (n = 1, 2) defined at p, the
unit vectors in the directions of these principal relative curvatures are given as:
τ 1ð Þ ¼ t 1ð Þ
1 cosΦþ t 2ð Þ

1 sinΦ
τ 2ð Þ ¼ −t 1ð Þ

1 sinΦþ t 2ð Þ
1 cosΦ

(
ð5aÞ

the angle θ between t2(1) and t1(1), and the angle Φ between τ(1) and t1(1) are defined as [22]:

θ ¼ tan−1 t 1ð Þ
2 � t 2ð Þ

1

t 1ð Þ
2 � t 1ð Þ

1

 !

Φ ¼ 1
2
tan−1

κ 1ð Þ
2 −κ 2ð Þ

2

� �
sin 2θð Þ
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� �
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2
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8>>>>>><
>>>>>>:

ð5bÞ
Once the primary contact points are located and the relative curvatures are obtained, Hertzian theory is used to predict the
size of the contact zone and consequently a grid of points in the contact zone is laid out on both surfaces. Then a surface integral
method near the contact zone and a finite element method away from the contact zone are combined to predict cross compliance
terms between the set of grid points.

The displacement u(rij;r) at a field point r caused by a unit normal force at surface grid point rij is given as [22]:
u rij; r
� �

¼ u sið Þ rij; r
� �

−u sið Þ rij;q
� �� �

þ u feð Þ rij;q
� �

: ð6Þ
Here q is some location inside the body on a matching surface, sufficiently far beneath the tooth surface. The first two terms in
this equation denote the relative deflection of rwith respect to q, which is evaluated using the surface integral formulae. The third
term denotes the displacement of q, which is computed using finite element method [23]. The point q is chosen such that elastic
half space assumption will be valid and the finite element prediction will not be significantly affected by local stresses on the
surface. The surface integral and finite element solutions are combined along this matching surface interface, as described in
detail in Ref. [22]. The combination of surface integral formulae and finite element method described above provides an accurate
and numerically efficient way of obtaining the compliance matrix for the contacting bodies. Contact equations are set up using the
compliance matrix and solved by a modified Simplex algorithm of linear programming, which is described in detail in Ref. [24].
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Fig. 1. Spline finite element model; (a) spline interface, (b) internal spline, (c) external spline and shaft, (d) potential contact area and contact elements.
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3. Finite element model of an example spline and analysis results

Fig. 1 shows the finite element model for an example spline joint that is designed according to ANSI B92.1-1996 standard [25].
The parameters of this clearance-fit spline are listed in Table 1.

The system model consists of a shaft, an external spline and an internal spline. Over the potential contact area, the model
shown in Fig. 1 uses a contact grid with M number of elements in the face width direction and N number of elements along the
profile direction. Within each contact element the user can define the number of contact grids along face width and profile
direction as Helical 3D employs a hierarchy of substructures and sub-substructures to generate the spline model. With this, the
program inverts stiffness matrices of smaller sizes before substituting them into the global matrix. In this study, 2 contact grids
are defined in both face width direction and profile direction within each contact element. Width of the contact cells is defined
such that 2N grids in the profile direction can capture all the potential contact on the tooth. With this, a spline joint with Z teeth
would have a total of Z × 2M × 2N grid cells defining the contacts along the drive flanks of the teeth. In the model of Fig. 1(d),
Table 1
Parameters of an example spline design used in this study.

External spline Internal spline

Number of teeth 25
Spline module [mm] 3.175
Pressure angle 30°
Base diameter [mm] 68.732
Face Width [mm] 50
Major diameter [mm] 82.550 85.725
Form diameter [mm] 76.022 82.728
Minor diameter [mm] 73.025 76.200
Circular space width [mm] – 5.055
Circular tooth thickness [mm] 4.981 –

Inner rim diameter [mm] 58 95
Outer rim diameter [mm] 64 150
Inner shaft diameter [mm] 45 –

Outer shaft diameter [mm] 58 –

Profile crown [μm] 2.5 0.0
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M = 6 and N = 5 was deemed to provide a reasonable load distribution resolution while keeping the computational time
relatively short (a single position load distribution analysis of the spline joint of Fig. 1 required 40 min. on a PC with a 3.39 GHz
processor). The model allows intentional deviations from the involute spline tooth surfaces such as profile and lead modifications
as in spur and helical gears to prevent any undesirable edge contact conditions. In addition, a similar contact grid with the same
resolution can be defined along the other Z tooth surfaces forming the coast side to capture any back side contacts.

This example spline interface is loaded in three different ways. In the first case, a moment (torsion) T is applied to the end of the
shaft as shown in Fig. 2(a) while the cylindrical disk having the internal spline is constrained along its perimeter to represent a purely
torsional loading of the splinewith no radial force and tiltingmoment. The second loading case shown in Fig. 2(b) represents a spline
supporting a spur gear where T, applied torque, is balanced by the mesh force Fn = 2T/(dp cos αn) where αn and dp are the normal
pressure angle and pitch circle diameter of the spur gear, respectively, and Fn acts on the transverse plane of the gear along the line of
action, in the process applying a torque T and radial force F = Fn to the spline interface. In the model of Fig. 2(b), a spur gear tooth is
defined as shown and F is applied to it at the tooth center along the line of action. The translational and rotationalmotions along the x
and y directions of the external spline shaft are constrained. The third loading condition considered in this study represents the case of
a spline supporting a helical gear as shown in Fig. 2(c). In this case, the gear mesh force Fn on the plane of action in the normal
direction has a tangent component Ft = 2T/dp, a radial component Fr = Ft tan αn/cos β and an axial component Fa = Ft tan β, where
αn, β and dp are the normal pressure angle, helix angle and pitch circle diameter of the gear, respectively. This results in a torsion T
about the rotational axis z of the shaft, radial forces Fx = Ft, Fy = −Fr, and tiltingmomentMx = T tan β about the x axis in Fig. 2(c). In
this case, the momentMx was applied in addition to Fx and Fy to the gear tooth and T applied to the input end of the shaft.
3.1. Influence of loading conditions

3.1.1. Pure torsion loading case
In case of pure torsion loading of Fig. 2(a), one would expect identical load distributions on each spline tooth with load varying

along face width and profile directions. Fig. 3(a) shows various views of the shaft spline to demonstrate the loads carried by
individual contact grid cells on each tooth. As this type of a representation of the tooth load distributions is not practical, the
contact surface of each tooth of the shaft spline was mapped to a rectangular window as shown in Fig. 3(b) with the load
distribution of the tooth surface displayed on this window. Using this method, load distributions on all of the teeth can be viewed
simultaneously and conveniently as shown in Fig. 4 for this torsional loading case.
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Fig. 2. A spline model with different loading conditions; (a) pure torsion loading, (b) spur gear loading, and (c) helical gear loading.
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Fig. 4 shows the load distributions on the spline teeth under pure torsion at torque levels of T = 550, 1100, 1650 and
2200 Nm. At T = 550 Nm, maximum contact stress is predicted to be about 36 MPa that occurs at the edge on the input side
where the torque is applied to the shaft. The contact stresses reduce significantly with the axial distance from this edge.
Non-uniform load distributions become clearer with increased T while the location of maximum stress remains at the input-side
edge. The maximum contact stresses are 52, 60 and 69 MPa at this locality for T = 1100, 1650 and 2200 Nm, respectively.
Meanwhile, the maximum contact stresses along the mid-plane of the spline joint are only 20, 28, 30 and 31 MPa for T = 550,
1100, 1650 and 2200 Nm, respectively. It is noted that as the torque increases, the contact area gradually extends towards the
edge of the spline teeth along the profile direction and the contact stress increases simultaneously, with the load distribution
pattern remaining the same.
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Fig. 4. Load distributions of the example spline under pure torsion loading at different torque levels.
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3.1.2. Spur gear loading case
In a spur gear loading condition, splines are subject to combined torsion and radial load. This asymmetrical loading leads to

different load distributions on different spline teeth. Fig. 5 shows the resultant load distributions for the same torque values of
T = 550, 1100, 1650 and 2200 Nm. Here, relevant spur gear tooth parameters are the normal pressure angle of αn = 20∘, and the
pitch circle diameter of dp = 160 mm. Two main observations can be made from this figure. First of all, load sharing along the
face width direction is still biased towards the side where torque applied. Secondly, load distributions are no longer identical for
all spline teeth since the loading is no longer axisymmetric. With tooth #1 centered below (and closest to) the gear mesh, teeth
#1–8 and #21–25 are shown to experience larger loads while teeth #9–#20 bear less load. For instance, the resultant maximum
contact stresses at T = 2200 Nm are 73, 61, 60 and 92 MPa for teeth #5, #10, #15 and #24, respectively, as a direct consequence
of this unequal loading. The resultant total spline tooth forces are shown in Fig. 6 for the same loading conditions at different
torque levels. With the nominal spline tooth force defined as Fst ¼ T= ZRbð Þwhere Rb is the base radius of the spline joint and Z is
the number of teeth, the ratio of actual tooth force to nominal tooth force Fst=Fst are 1.55, 0.49, 0.23 and 2.47 for the same teeth
#5, #15, #20 and #24, respectively, at T = 2200 Nm. This indicates that some teeth carry more than twice their nominal (torsion
only) share.

3.1.3. Helical gear loading case
As stated earlier and shown graphically in Fig. 2(c), helical gear loading applies a combination of torsion, T, tangential force, Ft,

radial force, Fr and tilting moment, Mx. Fig. 7 shows the resultant load distributions on different teeth of the spline under helical
gear loading for the same torque values of T = 550, 1100, 1650 and 2200 Nm with a gear helix angle β = 15∘ and transverse
tooth geometry remaining the same as the spur gear above. In comparison to Fig. 5 for spur gear loading, helical gear loading
maintains the same qualitative load sharing characteristics of spline teeth. It shows that teeth #1–8 and #21–25 carry larger load,
while teeth #9–20 are loaded less. This can be explained by the fact that the spline interface transmitted the same radial load in
spur gear loading and helical gear loading conditions. However, a remarkable difference is observed that axial load distribution on
teeth #19–25 and #1–2 is biased to the opposite side to which torque is applied. This is due to the additional tilting moment Mx

transmitted over the spline interface, which causes the load on some teeth to be biased to the other side to balance it. Fig. 7 also
shows that an increase of torque would only extend the area of contact and increase the contact stress, not affecting the load
distribution patterns significantly.

Fig. 8 shows the load distributions on the spline teeth at T = 2200 Nm for different gear helix angles of β = 10∘, 15∘, 20∘, and
25∘. Transverse geometry parameters of these helical gears are the same as the spur gear above. It is observed that as β increases,
the load on each tooth gets more concentrated on the side where the load is biased. For instance, loads on teeth #3–10 are
concentrated to the side where the torque is applied, while loads on teeth #20–25 are concentrated to the opposite side. The
maximum contact stresses are 109, 129, 212, and 463 MPa for gear helix angle β = 10∘, 15∘, 20∘ and 25∘, respectively. The
corresponding tilting moments are Mx = 388, 589, 801, 1026 Nm, respectively. The load concentration increases significantly
because of the larger resultant tilting moment on the spline when the gear helix angle increases.
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3.2. Effect of design variations to the nominal system

3.2.1. Misalignment and lead crown modifications
Misalignment of spline couplings has been recognized as harmful to splines because it causes significant load concentration on

spline teeth, and accelerates wear and fretting fatigue of splines [2,20]. Fig. 9 shows the load distributions on the spline with
different misalignments φ = 0∘, 0.04∘, 0.08∘ and 0.12∘ at a torque level of 2200 Nm. It is observed here that the load distribution is
biased similar to that of the helical gear loading because the tilting moment caused by misalignment has a dominant effect on the
load distribution. It is also noted that the increase of misalignment leads to a significantly larger load concentration at the end of
the spline in the axial direction, due to larger tilting moment resulting from increased misalignment.

Significant load concentration was observed in both misaligned splines and splines experiencing helical gear loading. A lead
crown modification along the face-width of the spline can be expected to relieve some this load concentration. Fig. 10 shows load
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distributions of a spline having a misalignment of φ = 0.12∘ along with different lead crown modification magnitudes of δ = 0,
20, 40 and 60 μm at T = 2200 Nm under pure torsion loading. It is observed that the crownmodification moves the load from the
edge to the center of the spline, in the process reducing the maximum contact stresses significantly. The maximum contact
stresses are 261, 166, 158, 166 MPa, respectively, for lead crown magnitudes δ = 0, 20, 40, 60 μm indicating that the optimum
lead crown magnitude is 40 μm in this case. It is also noted that when the lead crown modification is increased to 60 μm, only a
small portion of the spline tooth face width carries the load. This indicates that a moderate lead crown modification can reduce
load concentration effectively while maintaining the spline's load carrying capacity, while excessive amounts of lead crown
modifications would increase contact stress and reduce the load bearing capacity of the spline.
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Fig. 11 shows load distributions on the splines with different lead crown modification magnitudes of δ = 0, 20, 40 and 60 μm
for helical gear loading with β = 20∘ at T = 2200 Nm. The maximum contact stresses are 212, 209, 244 and 315 MPa for lead
crown magnitudes δ = 0, 20, 40 and 60 μm, respectively. Unlike in the misaligned spline case, lead crown modification under a
helical gear loading condition neither reduces load concentration, nor moves the tooth load from the edge to the center. This
occurs because the moment acting on the spline remains a constant for a given torque in helical gear loading despite the lead
crownmodification. The biased load concentration exists no matter howmuch lead crownmodification is adopted. Meanwhile, in
misaligned splines, lead crown modification effectively reduces the tilting moment acting on the spline thus reducing load
concentration and improving the load distribution of the spline.
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Fig. 11. Load distributions of a spline under helical gear loading having different lead crown modification magnitudes, δ, at T = 2200 Nm, and β = 20°.
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3.2.2. Helical splines
Fig. 12 shows the load distributions of helical splines having different helix angles of γ = −20∘,−10∘, 0∘, 10∘ and 20∘ under helical

gear loading condition with a right-hand helical gear (β = 20∘) as shown in Fig. 2(c) at T = 2200 Nm. A negative spline helix angle
represents a left-handed helix and a positive helix angle represents a right-handed helix. It is observed that a right-hand spline helix
helps reduce load concentration, and a left-hand spline helix condenses the load concentration. For instance, the maximum contact
stresses are 212 MPa for a spur spline (γ = 0∘) under helical gear loadingwith a right-hand helical gear. Themaximumcontact stress
increases dramatically to 448 and 1081 MPa for left-hand spline helix angles of γ = −10∘ and−20∘, respectively. On the other hand,
the maximum contact stresses drop significantly to 127 and 103 MPa for right-handed splines with helix angles γ = 10∘, and 20∘,
respectively. Themaximum contact stress is reduced bymore than 50% andmore teeth are observed to carry load as shown in Fig. 12.
The dominant factor is that the spline helix introduces an axial load, which can either increase the tilting moment or counterbalance
the tilting moment depending on its direction. For a spline loaded by a right-handed gear, a right-hand spline helix would induce an
axial load to counterbalance the tilting moment thus reducing the load concentration. On the other hand, a left-hand spline helix
would induce an axial load, which would increase the tilting moment thus resulting in larger load concentration on the spline teeth.
The result implies that in helical gear loading conditions, selecting a helical spline with the same helix direction as that of the helical
gear could reduce the load concentration, and improve load distribution.
3.2.3. Intentional lead mismatch
Intentional lead mismatch of splines, introducing a slight helix angle to the external spline and none to the internal spline, is

used in high-torque applications. As this mismatch is much larger than what can be accommodated by the circumferential
clearance, it introduces a torsional wind-up as a preset. Fig. 13(a) shows the pitch circle plot of mismatched splines, fromwhich it
is clearly seen the external spline and the internal spline are in contact when unloaded. Fig. 13(b) shows the load distribution
matrix of intentionally mismatched splines with different mismatch values of λ = 0, 5, 10, 15, 20 and 25 μm at various torque
levels of T = 0, 1100, 2200, 3300 and 4400 Nm under pure torsion loading. As shown before, load distribution is identical on
every tooth under pure torsional loading. Moreover, backside contact occurs in intentionally mismatched splines. Therefore, load
distribution on the driving side (A) and the back side (B) of a single spline tooth is selected to represent the whole spline.

It is observed that at low torque levels, contact occurs on both the driving and back sides, and contact stress increases as
intentional mismatch value increases. For instance, the maximum contact stresses under zero torque load are 0, 44, 70, 91, 109,
122 MPa for mismatch values λ = 0, 5, 10, 15, 20 and 25 μm, respectively. It is also noted that at high torque levels, the backside
contact vanishes and load concentration on the driving side moves from one side to the other as magnitudes of mismatch
increase. For a given torque level, there is an optimum amount of mismatch, which helps distribute the load evenly along spline
tooth such as the case of λ = 10 μm at T = 3300 Nm shown in Fig. 13(b). Fig. 14 is a plot of maximum contact stress versus the
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amount of spline mismatch at different torque levels. The results illustrate that there is an optimum mismatch for a given design
torque that reduces the maximum contact stress by providing an evenly distributed spline load.

3.3. Effect of spline tooth indexing errors

Investigations of spline load distributions discussed above all assumed perfect tooth geometry, ignoring the effect of tooth
indexing errors. However, it occurs frequently that some spline teeth exhibit heavier damage than others, which might be caused
by spline tooth indexing errors [20,26]. In order to demonstrate the effect of indexing errors on spline load distributions, a
positive indexing error of ξ13 = 5 μm is applied to tooth #13 of the example spline defined in Table 1. Fig. 15 shows the load
distributions on the spline teeth under pure torsion loading conditions at T = 550, 1100, 1650 and 2200 Nm. In comparison to
Fig. 4 for the pure torsion loaded spline with perfect geometry, this indexing error on tooth #13 results in load concentration on
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tooth #13, with little or no load on teeth adjacent to tooth #13. For example, at T = 2200 Nm, the maximum contact stress is
69 MPa when there is no indexing error, which is almost doubled to 118 MPa when an indexing error of 5 μm exists. Fig. 16
shows the loads carried by each tooth of the spline. Again, denoting the nominal tooth force as Fst ¼ T= ZRbð Þ, then the ratios of
actual tooth force to nominal tooth force on tooth #13 are 9.3, 7.1, 5.9, 5.2 for T = 550, 1100, 1650 and 2200 Nm, respectively.

A spline joint with a random tooth indexing error distribution is considered next. Fig. 17 shows the randomly generated tooth
indexing error sequence considered together with the corresponding spline load distributions at T = 550, 1100, 1650 and
2200 Nm. Load concentrations, similar to that in Fig. 15 for single tooth indexing error, can be observed on spline teeth having
larger indexing error, such as spline tooth #20, #6, #15, #10 and #14. It is also noted when multiple teeth have indexing errors, a
sequential engagement behavior will occur. Teeth with larger indexing error have smaller clearance, and they will engage first.
Teeth with smaller indexing error have larger clearance and they will gradually come into contact when the torque increases to a
certain level [27]. Fig. 18 shows the corresponding loads carried by each tooth of the spline. Tooth #20 has the largest indexing
error, therefore the largest ratio of actual tooth load to nominal tooth load would also be observed on tooth #20. Tooth load ratios
are 7.0, 5.7, 5.1, and 4.8 at T = 550, 1100, 1650 and 2200 Nm, respectively. This indicates that the load concentration resulting
from spline tooth indexing error is significant and must be accounted for in the design of a spline at a certain quality level.
4. Summary and conclusions

A finite element based computational model of a gear spline-shaft interface under combined torsional load, radial load and
tilting moment was proposed. Load distributions of the baseline system of the spline coupling under pure torsion, spur gear
loading and helical gear loading were characterized. Pure torsion loading results showed identical load distributions on all spline
teeth, with each tooth exhibiting non-uniform load in axial direction. Spur gear loading was shown to cause increased loading on
spline teeth whose contact surface normal direction is in the direction of the spur gear meshing force while helical gear loading
led to cyclic load concentration oscillating across the face width of the spline teeth.

An extensive parameter study on various variations of the baseline system was performed. Among them, the impact of spline
misalignment in relation to spline lead crown was described. Misalignment of the spline was shown to result in a similar load
distribution pattern as the case of helical gear loading. Lead crown modifications were shown to significantly reduce load
concentrations in misaligned splines. Selecting a helical spline with the same helix direction as that of the helical gear loading the
spline could reduce the load concentration and improve load distribution of splines undergoing helical gear loading. Application
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of an optimum intentional lead mismatch to the spline resulted in an even load distribution along the full length of spline teeth by
canceling out the torsional “wind up” of the spline shaft. Finally, effects of indexing errors of spline teeth were investigated for the
pure torsion loading case to show significant unequal load sharing at spline teeth due to indexing errors.
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Fig. 17. Load distributions of a spline having random tooth indexing error at different torque levels.
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